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Abstract
Dimensional analysis, superposition principle, and continuity of electric potential are used to
study electric potential of a uniformly charged square sheet at its plane. It is shown that knowing
the electric potential on the diagonal and inside the square sheet is equivalent to knowing it
everywhere on the plane of square sheet. Behavior of electric potential near the center of the
square is obtained. Then exact solution for the electric potential at any point on the plane of the
square sheet is obtained. This result is used to calculate the electric potential of a right triangular
sheet on its plane which can be used to find electric potential at any point on the plane of any
uniformly charged polygon sheet.
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I. INTRODUCTION
People study physics problems using analytical techniques, approximation methods, and
simulations. Although anybody is interested to have a complete solution for any problem,
there are many problems in physics which can not be solved analytically. To solve such
problems, one may use other methods such as numerical techniques. For the problems
which can not be handled analytically, dimensional analysis may also be a useful technique
to enlighten the subject, and may give us a better understanding of the subject. This
technique despite its simplicity, may give us the opportunity to find some information about
the solution, which of course may be incomplete. There are some texts and articles on
dimensional analysis, e.g. Refs. (1-6). Dimensional analysis is used in many different areas
of physics. In Ref. 6, it is shown that many of the commonly considered applications of
weak turbulence possess the incomplete self-similarity property, which can be exploited to
obtain core results using a simple dimensional argument. In ref. 7, dimensional analysis is
used to study the resistance force of the fluid that occurs when a body moves through it
and the speed of propagation of waves on water.
If one uses dimensional analysis together with some other techniques, it could be more
powerful. One of the standard problems in elementary electricity and magnetism is the
electric field due to an infinite uniformly charged plane. A more physical problem is the
electric field of a charged plane with finite size. Electric potential of the charged sheet
at any point can be written as a double integral. Here we are interested in a different
method. Our method is based on using dimensional analysis together with superposition
principle which comes from linearity of Maxwell equations [8], and symmetries of the system
under scaling. In the first part of this article elementary mathematical techniques is used.
Using dimensional analysis, and superposition principle, electric potential due to a uniformly
charged square sheet at its plane is studied. In section 2, using dimensional analysis and
superposition principle an identity is obtained between electric potential at the center and
the corner of a uniformly charged square sheet. In section 3, some identities are obtained
for the electric potential of a uniformly charged square sheet at some different points. Using
these identities one can obtain electric potential everywhere on the plane of square sheet in
terms of the electric potential on the diagonal and inside the square sheet. In section 4, using
the behavior of electric potential at far distances, electric potential at the points near the
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center of the square sheet is obtained. In section 5, using the behavior of electric potential at
large distances, an equation for electric potential is obtained. Solving this equation electric
potential on the diagonal of the square sheet is obtained from which electric potential at
any arbitrary point on the plane of square sheet is also obtained. It should be noted that
knowing electric potential in the plane of charged sheet is equivalent to knowing electric field
in the plane of charged sheet. In section 6, electric potential at any point on the plane of
uniformly charged right triangular sheet is obtained. This helps us to find electric potential
at the plane of any uniformly charged sheet polygon.
II. DIMENSIONAL ANALYSIS
Let’s consider a uniformly charged square sheet with the length a. We are considering
the 3D potential, but only on the z = 0 plane, the plane of charged square sheet, and cgs
units are used. For a given localized charged distribution, electric potential principally can
be obtained uniquely provided that, electric potential at a reference point is also given. Let’s
take the potential at infinity be equal to zero. Then the electric potential of a uniformly
charged square at the point (x, y), denoted by Φ(x, y), depends on the surface charge density
σ, the length of the square, a, and the coordinates x, and y. From these parameters, three
dimensionless quantity can be constructed
Φ
σa
,
x
a
,
y
a
. (1)
Using dimensional analysis, there is a relation between these dimensionless quantities. The
equation between these dimensionless quantities should be such as
Φ(x, y)
σa
= F (
x
a
,
y
a
), (2)
where F is an unknown function. Electric potential at the origin O(x = 0, y = 0), is
ΦO = C1σa, (3)
where C1 = F (0, 0) is a constant. It should be noted that F is scale invariant, means that
if the lengths the of square sheet scales by a factor λ, and the coordinates of the point
of observations also scales with the same factor, F remains unaltered. So, if one scales
the square sheet with a factor of 2, remaining σ unaltered, electric potential at the center
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of scaled square sheet becomes twice of the electric potential at the center of unscaled
square sheet. Dimensional analysis cannot tell us anymore. Electric potential at the point
A(x =
a
2
, y =
a
2
) is
Φ(x =
a
2
, y =
a
2
) = C2σa, (4)
where C2 = F (
1
2
, 1
2
) is another constant. Because of linearity of Maxwell equations, the
electric potential due to a group of charges can be obtained by using the superposition
principle. Superposition principle may help us to go further. Now, let’s consider a uniformly
charged square with the same charge density σ, but whose length is 2a. Then using (3),
electric potential at the origin of the scaled square is
Φ′O′ = 2a× σF (0, 0) = 2C1σa, (5)
where Φ′O′ is the electric potential at the point O
′, the center of the scaled square. But the
point O′ is the corner of four squares with the lengths a. See Fig. (1). Using the principle
of superposition,
Φ′O′ = 4C2σa. (6)
Comparing (5) and (6) one arrives at C1 = 2C2, which means that the electric potential at
the center of the square is twice the electric potential at the corner of the square.
III. SOME IDENTITIES ON THE ELECTRIC POTENTIAL OF A UNIFORMLY
CHARGED SQUARE SHEET
Consider a uniformly charged square sheet with unit length, and let’s choose a point on
one of its diagonals and inside the square sheet, which divide the diagonal into two parts.
Take the ratio of these two parts be a rational number
n
m
. We denote the electric potential
at this point by ϕn,m. Then electric potential at the center of the square is ϕ1,1, It is obvious
that ϕ1,1 = ϕn,n, and ϕn,m = ϕλn,λm for any positive integer λ. By symmetry it is also
obvious that ϕn,m = ϕm,n. In this section, we obtain identities between electric potential at
different points. Investigating the behavior of limn→∞ ϕn,n−1 gives us electric potential at
the points on the diagonal and near the center of the square.
Let’s consider a uniformly charged square with the length (n+m). As it is (m+n) times
of a square with unit length with the same charge density, electric potential at its center is
4
(n + m)ϕ1,1, and at a point M on its diagonal which divide it into the ratios of n to m is
(n + m)ϕn,m. See Fig. 2. Using superposition principle, electric potential at the point M
can be written as the scalar sum of
1. The electric potential of a uniformly charged square sheet with the length n at it’s
corner, which is
n
2
ϕ1,1
2. The electric potential of a uniformly charged square sheet with the length m at it’s
corner, which is
m
2
ϕ1,1
3. The electric potential of two uniformly charged rectangular sheet with the lengths m,
and n at it’s corner, where each of them is denoted by ψn,m.
Then one arrives at
(n+m)ϕn,m =
n ϕ1,1
2
+
m ϕ1,1
2
+ 2ψn,m,
⇒ ψn,m = n+m
2
(
ϕn,m − ϕ1,1
2
)
, (7)
We are now ready to write electric potential due to a uniformly charged square with unit
length at any point on a lattice with the same length in the plane of the square sheet. Take
the origin at the corner of square. Let’s denote electric potential due to a square sheet with
unit length at a point with the coordinates (n,m) (for n,m > 1), by Φ(n,m). Then, using
superposition principle Φ(n,m) is (see Fig. 2)
Φ(n,m) = (ψn,m − ψn−1,m)− (ψn,m−1 − ψn−1,m−1) ,
Φ(n,m) =
(
n+m
2
)
ϕn,m −
(
n+m− 1
2
)
(ϕn−1,m + ϕn,m−1)
+
(
n+m− 2
2
)
ϕn−1,m−1. (8)
Now, we want to show that electric potential at any arbitrary point with rational coordinates
can be also written in terms of ϕ’s, electric potential on the diagonal of the square sheet.
First consider the points in the square sheet. Let’s consider a square with the length k, and
take m, and n two integers less than k. See Fig. 3. It can be divided into four rectangular
of the sizes m× n, n× (k −m), m× (k − n), and (k −m)× (k − n). Electric potential at
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the point (n,m) of a uniformly charged square sheet with the length k, denoted by Φ˜(n,m),
is the sum of electric potential at the corner of these four rectangular uniformly charged
sheets.
Φ˜(n,m) = (ψn,m + ψn,k−m + ψk−n,m + ψk−m,k−n)
=
((k − n+m)
2
ϕk−n,m +
(n+m)
2
ϕn,m +
(k −m+ n)
2
ϕk−m,n
+
(2k − n−m)
2
ϕk−n,k−m − kϕ1,1
)
(9)
So, electric potential at the point with the coordinate (
n
k
,
m
k
) in a square with the unit
length (m,n < k) is
Φ(
n
k
,
m
k
) =
1
2k
(
(k − n+m)ϕk−n,m + (k −m+ n)ϕk−m,n
+ (2k − n−m)ϕk−n,k−m + (n+m)ϕn,m − 2kϕ1,1
)
(10)
This result can be generalized to any point in the plane of a square sheet of the unit length
(inside or outside of it). For this case m or n could be greater than k. Then the electric
potential at any point with the coordinate (
n
k
,
m
k
) (m,n > 0) is
Φ(
n
k
,
m
k
) =
1
k
[
ψn,m + sgn[k −m]ψ|k−m|,n + sgn[k − n]ψ|k−n|,m
+sgn[(k − n)(k −m)]ψ|k−m|,|k−n|
]
(11)
where sgn[x] is the sign function defined through
sgn[x] :=
+1 x > 0−1 x < 0 . (12)
Because of the symmetry, electric potential for the points with negative m or n can be
obtained easily. It should be noted that although this solution is obtained for the points
whose coordinates are rational numbers, because of the continuity of the electric potential,
it will be also true for points with real coordinates. So, if the electric potential of the square
sheet at its diagonal is known, electric potential at any other point in the plane of the sheet
can be obtained though above mentioned identities.
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IV. ELECTRIC POTENTIAL NEAR THE CENTER OF THE SQUARE
Electric potential at the center of a uniformly charged square with unit length, Φ(1
2
, 1
2
),
can be calculated analytically.
Φ(
1
2
,
1
2
) =
∫ 1
0
∫ 1
0
σdxdy√
(x− 1/2)2 + (y − 1/2)2
= 4σ sinh−1(1). (13)
So ϕ1,1 = 4σ sinh
−1(1), and electric potential at the corner of the square sheet is 2σ sinh−1(1).
Let’s investigate electric potential near the center of square. Electric potential due to a
uniformly charged square sheet at the point (n, n) (for far distances, n  1) is σ
n
√
2
. So,
using equation (8), for n = m, one arrives at
Φ(n, n) = (2n− 1)ϕ1,1 − (2n− 1)ϕn−1,n
≈ σ
n
√
2
(14)
Here we have used of ϕn,n = ϕn−1,n−1 = ϕ1,1, and ϕn,n−1 = ϕn−1,n. The quantity ϕn−1,n for
large n is electric potential at a point A near the center of the square and on its diagonal
ϕn−1,n ≈ ϕ1,1 − σ
2
√
2 n2
⇒ Φ(1
2
+ ,
1
2
+ ) ≈ 4σ sinh−1(1)− 4σ 2
√
2. (15)
The point A ia at a distance 
√
2 from the center of square sheet. Electric potential on a
point on the plane of square sheet and near its center can be obtained using Taylor expansion,
Φ(
1
2
+ x′,
1
2
+ y′) = Φ(
1
2
,
1
2
) + x′
∂Φ
∂x′
+ y′
∂Φ
∂x′
+
x′2
2
∂2Φ
∂x′2
+
y′2
2
∂2Φ
∂y′2
+ x′y′
∂2Φ
∂x′∂y′
+ · · ·
= Φ(
1
2
,
1
2
) + αx′2 + βy′2 + γx′y′ + · · · (16)
In the above equation, we have used of the fact that electric field in the center of the square
sheet is equal to zero. α, β, and γ are three constant parameters which is related to second
derivatives of electric potential with respect to x′, and y′. Because of the symmetry of the
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problem, the points (1
2
+ x′, 1
2
+ y′), and (1
2
+ x′, 1
2
− y′) have the same electric potential, so
γ should be equal to zero. The points (1
2
+x′, 1
2
+ y′), and (1
2
+ y′, 1
2
+x′) have also the same
electric potential, so α = β. So,
Φ(
1
2
+ x′,
1
2
+ y′) = Φ(
1
2
,
1
2
) + α(x′2 + y′2) + · · · . (17)
Using (15), α should be −2σ√2. In summary electric potential near the center of the square
has azimuthal symmetry. So, at a point with the distance  from the center of square sheet,
the electric potential is given by
Φ ≈ 4σ sinh−1(1)− 2σ 2
√
2. (18)
V. EXACT SOLUTION FOR A UNIFORMLY CHARGED SQUARE SHEET
Here, we want to obtain exact value of electric potential at any point on the plane of
square sheet. It should be noted that knowing electric potential in the plane of charged
sheet is equivalent to knowing tangential component of electric field in the plane of charged
sheet. Normal component of the electric field in the charged sheet is σ/2, and out of the
charged sheet it is pure tangential. The electric potential on the diagonal of square sheet
can be obtained. Let’s consider equation (8) for the point n = N cos θ and m = N sin θ.
For large N or large distances, the electric potential behaves as σ
N
. In the righthand side
of (8), there are four terms. Let’s consider each term separately, for large N , and up to 1
N
expansion
n+m
2
ϕn,m =
N
2
(sin θ + cos θ)ϕN cos θ,N sin θ
=
N
2
(sin θ + cos θ)ϕ1,tan θ, (19)
n+m− 1
2
ϕn,m−1 =
N(sin θ + cos θ)− 1
2
ϕN cos θ,N sin θ−1
=
N(sin θ + cos θ)− 1
2
ϕ1,tan θ− 1
N cos θ
=
N(sin θ + cos θ)− 1
2
[
ϕ1,tan θ − ϕ
′
N cos θ
+
ϕ′′
2N2 cos2 θ
+ · · ·
]
, (20)
n+m− 1
2
ϕn−1,m =
N(sin θ + cos θ)− 1
2
ϕN cos θ−1,N sin θ
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=
N(sin θ + cos θ)− 1
2
ϕ1,tan θ+ tan θ
N cos θ
+ tan θ
N2 cos2 θ
+···
=
N(sin θ + cos θ)− 1
2
[
ϕ1,tan θ +
tan θ ϕ′
N cos θ
+
tan2 θ ϕ′′
2N2 cos2 θ
+
tan θ ϕ′
N2 cos2 θ
+ · · ·
]
, (21)
n+m− 2
2
ϕn−1,m =
N(sin θ + cos θ)− 2
2
ϕN cos θ−1,N sin θ−1
=
N(sin θ + cos θ)− 2
2
ϕ1,N sin θ−1
N cos θ−1
=
N(sin θ + cos θ)− 1
2
[
ϕ1,tan θ +
(tan θ − 1) ϕ′
N cos θ
+
(tan θ − 1)2ϕ′′
2N2 cos2 θ
+
(tan θ − 1)ϕ′
N2 cos2 θ
+ · · ·
]
, (22)
where prime means differentiation with respect to tan θ, and ϕ1,tan θ stands for the potential
at a point on the diagonal of square sheet which divide it with the ratio 1 : tan θ. Gathering
all these together up to the term 1
N
, one arrives at
tan θ
cos θ
ϕ′1,u +
tan θ(tan θ + 1)
2 cos θ
ϕ′′1,u = −σ. (23)
Defining u := tan θ, the above equation recasts to
u(u+ 1)
2
ϕ′′1,u + uϕ
′
1,u = −
σ√
u2 + 1
(24)
or
d
du
(
(u+ 1)2
2
ϕ′1,u
)
= − σ(u+ 1)
u
√
u2 + 1
= − σ√
u2 + 1
− σ
u
√
u2 + 1
, (25)
which can be integrated to
ϕ′1,u =
2σ
(u+ 1)2
{sinh−1(u)− sinh−1( 1
u
) + C}, (26)
where C is constant. Noting that ϕ′ is proportional to electric field, and electric field at the
center of square sheet (where u = 1), vanishes gives C = 0. Because of symmetry, electric
field on the diagonal and in the plane of square sheet has no component perpendicular to
the diagonal of square sheet. Its component along the diagonal is proportional to ϕ′, and
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its component in the z direction is σ/2. Then electric field on the diagonal of square sheet
is exactly obtained. Now, electric potential on the diagonal of square sheet can be obtained
through an integration,
ϕ1,u =
∫
du
2σ
(u+ 1)2
{sinh−1(u)− sinh−1( 1
u
)}. (27)
Using integration by part one arrives at
ϕ1,u =
2σ
u+ 1
{sinh−1(u)− sinh−1( 1
u
)} − 2σ
∫
du
u
√
u2 + 1
= 2σ
sinh
−1(u)
u+ 1
+
sinh−1(
1
u
)
1 +
1
u
+ C ′, (28)
where C ′ can be determined using electric potential at the center of square sheet, ϕ1,1 =
4σ sinh−1(1). Then electric potential is
ϕ1,u = 2σ
sinh
−1(u)
u+ 1
+
sinh−1(
1
u
)
1 +
1
u
+ 2σ sinh−1(1). (29)
As it is seen electric potential at the corner (u → ∞ or u → 0) is 2σ sinh−1(1), which is
consistent with our previous result. For the point (x, x), u =
x
1− x , then electric potential
at any point on the diagonal inside the square sheet and with the coordinates (x, x) is
Φ(x, x) = 2σ
{
(1− x) sinh−1( x
1− x) + x sinh
−1(
1− x
x
)
}
+ 2σ sinh−1(1). (30)
Using (10), (29), and putting x := n
k
, y := m
k
, electric potential at any point, (x, y), in the
square sheet, (0 < x, y < 1), can be written as
Φ(x, y) =
1
2
{(1− x+ y)ϕ1−x,y + (1 + x− y)ϕ1−y,x + (2− x− y)ϕ1−x,1−y
+(x+ y)ϕx,y − 2ϕ1,1}
Φ(x, y) = σ
{
(1− x) sinh−1( y
1− x) + y sinh
−1(
1− x
y
)
+(1− y) sinh−1( x
1− y ) + x sinh
−1(
1− y
x
)
+(1− y) sinh−1(1− x
1− y ) + (1− x) sinh
−1(
1− y
1− x)
+x sinh−1(
y
x
) + y sinh−1(
x
y
)
}
. (31)
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Using (11) electric potential at any arbitrary point, (x, y), (x, y > 0) in the plane of square
sheet, is given by
Φ(x, y) = σ
{
|1− x| sinh−1( y
1− x) + y sinh
−1(
1− x
y
)
+|1− y| sinh−1( x
1− y ) + x sinh
−1(
1− y
x
)
+|1− y| sinh−1(1− x
1− y ) + |1− x| sinh
−1(
1− y
1− x)
+x sinh−1(
y
x
) + y sinh−1(
x
y
)
}
(32)
Because of the symmetry, electric potential for the points with negative x or y can be
obtained easily.
VI. EXACT SOLUTION FOR A UNIFORMLY CHARGED POLYGON
Using the results for the square sheet, we will obtain some interesting results for any
uniformly charged polygon. Let’s first consider the a uniformly charged right triangular
sheet. It is seen from (32) that the electric potential at the corners of a uniformly charged
rectangular sheet of the lengths a, and b is
σ[a sinh−1(
b
a
) + b sinh−1(
a
b
)] (33)
Using (33), superposition principle and dimensional analysis the electric potential at the
corners of a uniformly charged right triangular sheet of the length a is
ΦA(a,b) = σa sinh
−1(
b
a
) + σaF (
b
a
), (34)
where ΦA(a,b) is the electric potential at the point A the of a uniformly charged right triangular
sheet of the length a and b (see figure (4)), and F is an unknown function. Using the result
for the electric potential at the corner of a uniformly charged square sheet of the lengths 1,
it can be easily shown that F (1) = 0. Now let’s consider a right triangle with lengths a, and
b(1 + ). The electric potential at the point A′ is the addition of potential due to triangle
with lengths a, and b, and the electric potential due to a sector. Electric potential due to
a sector of circle with radius R, and the angle δθ at the center of circle is σRδθ. So the
electric potential at the point A′ the corner of a a right triangle with lengths a, and b(1 + )
up to first order in  is
ΦA
′
(a,b(1+)) ≈ σa sinh−1(
b
a
) + σaF (
b
a
) + σ(
ab√
a2 + b2
). (35)
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Using (34) the electric potential at the point A′ the corner of the right triangle is
ΦA
′
(a,b(1+)) = σa sinh
−1
(
b(1 + )
a
)
+ σaF
(
b(1 + )
a
)
,
≈ σa sinh−1( b
a
) + 
σab√
a2 + b2
+ σaF (
b
a
) + σbF ′(
b
a
), (36)
where the F ′ stands for differentiation of F with respect to its argument. Comparing (35),
(36) gives F ′ = 0 and F is a constant. But F (1) = 0, so F should be zero. Then the electric
potential at the corner of a right triangular at its corner is σa sinh−1( b
a
) (see figure (4)).
Electric potential at the vertices of any arbitrary triangle can be obtained easily. See the
figure (5)). Electric potential at the point A is the superposition of electric potential of two
right triangular sheet.
ΦA = σh
[
sinh−1(cot θ1) + sinh
−1(cot θ2)
]
= σh ln
(
cot(
θ1
2
) cot(
θ2
2
)
)
, (37)
where we have used of sinh−1(u) = ln(u +
√
u2 + 1). Electric potential at any point in the
plane of a uniformly charged triangular sheet can be written as a superposition of electric
potential of three (or four) triangular sheet (if the point is out of triangle) on the plane of
the sheet. Similarly electric potential at any point in the plane of an arbitrary polygon can
be written in terms of electric potential of some triangles. This gives us also an upper and a
lower bound on the magnitude of electric potential at any point in the plane of a uniformly
charged sheet of any shape. The lower and upper bounds come from the electric potential
due to two polygons which are surrounded by and the one which is surrounded the charged
area.
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AO O′
FIG. 1:
Using dimensional analysis together with the superposition principle, it can be shown that the
electric potential at the center of a square sheet is twice the electric potential at the corner of the
uniformly charged square sheet.
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mM
n
n
m
ψ(n,m)
(n+m)ϕn,m =
n ϕ1,1
2 +
m ϕ1,1
2 + 2ψn,m
Φ(n,m) = (ψn,m − ψn−1,m)− (ψn,m−1 − ψn−1,m−1)
n
m
Φ(n,m)
FIG. 2:
Dimensional analysis together with the superposition principle helps us to find a relation between
Φ(n,m) electric potential at any point on the lattice due to square sheet of unit length in terms
of four ψ functions, electric potentials of four rectangular sheet at their corners.
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FIG. 3:
Electric potential at the any point on a uniformly charged square sheet can be written as a
superposition of electric potential of four rectangular sheet.
a
b
A
b
a
A′
b
FIG. 4:
Electric potential at the corner of a uniformly charged right triangular sheet.
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B
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h
θ2θ1
FIG. 5:
a) Electric potential at the corner of a uniformly charged triangular sheet can be written as a
superposition of electric potential of two right triangular sheet. b) Electric potential at the point
B in the plane of a uniformly charged triangular sheet can be written as a superposition of
electric potential of three triangular sheet, and the electric potential at the point C can be
written as the superposition of electric potential of four triangular sheet.
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